We describe an attracting piecewise rotation with two atoms with a self-similar structure of periodic domains on its attractor which resembles Sierpi nski's gasket. Besides its natural beauty, this example appears a return map in certain piecewise a ne maps on the torus which have been studied by Adler, Kitchens, and Tresser, and by a number of other researchers advancing the theory of digital lters.
Introduction
Composing of two rotations in the plane leads to complicated and fascinating dynamical systems. These systems are also surprising, for they can have attractors, repellers, and self-similar structures which are usually observed in systems whose generating map has either contracting or expanding properties 1;2 .
De ne a piecewise rotation T : R 2 ! R 2 to be: Tx = T 0 x if x 2 P 0 ; T 1 x if x 2 P 1 ;
where P 0 and P 1 are complementary half-planes and T 0 and T 1 are arbitrary rotations. In this article, we illustrate how the studies of the rst-return map give insight into a particular case of most basic dynamical systems of piecewise rotations T.
Piecewise rotations are examples of Euclidean piecewise isometries. These systems generalize well known and studied interval exchanges to a class of Euclidean two-dimensional piecewise isometries. Piecewise isometries appear in a variety of contexts and have been recently extensively studied as interval exchanges 3;4;5;6;7;8;9;10 , interval translations 11 , rectangular exchanges 12 , polygonal and polyhedron exchanges 13 and pseudogroup systems of rotations 14 . Piecewise isometric maps appear naturally in billiards 15;16 , dual billiards 17;18 , theory of foliations 19 and tilings 20;21 .
In section 3, we also illustrate that our example of a piecewsie rotation T conjugates to a rst return map of the piecewise a ne map of the torus: y mod Z 2 , for certain non-integer values of a 2 (0; 2). These a ne maps naturally generalize toral automorphisms and they also appear in the dynamics of electronic components called digital lters (see for example 22;23;24;25;26;27;28;29 ) .
We now describe our new example of a piecewise rotation. It is an attracting system with a self-similar structure of periodic domains on its attractor which resembles Sierpi nski's gasket. The main signi cance of this system is that despite the rational choice of parameters de ning the map T, there exit in nitely many di erent cells. A cell is a set of points following the same induced symbolic codings. Moreover, as we shall illustrate in the subsequent section, the restriction of this map to the invariant set is present in certain examples of piecewise a ne maps on the torus.
2 Self-similar gasket of pentagons Let us partition the plane into two half-planes P 0 = f(x; y) : x < 0g and P 1 = f(x; y) : x 0g, and x two arbitrary rotations T 0 and T 1 , each with a di erent center of rotation. De ne the a piecewise rotation T : R 2 ! R 2 to be: Tx = T 0 x if x 2 P 0 ;
T 1 x if x 2 P 1 :
We choose speci c parameters de ning T (Figure 1 One of the key properties of T is that the rst-return map to 4BCD of Tj 4ABC is essentially self-similar to Tj 4ABC . We shall use this idea in the proof of the following surprising result about the dynamical system T : R 2 ! R 2 . Theorem 1 (Periodicity) Let T be the piecewise rotation as de ned above. The triangle 4ABC splits into the union of an in nite number of periodic cells, the nonempty set R 4ABC of non-eventually periodic points, and a set of zero Lebesgue measure. Moreover, The set R 4ABC has zero Lebesgue measure, however, its Hausdor measure satis es 1 < dim H (R 4ABC ) < 2: 4ABC and T 4BCD are related by an a ne order reversing similarity f 1 whose similarity ratio k = 2 cos 72 .
Given a set U, let Q U denote the collection of the interiors of periodic cells contained in U. The similarity f 1 is then a bijection between Q 4ABC and and its subset Q 4BCD .
Similarly, by applying the self-similarity argument once again, we conclude that there is a similarity f 2 with the similarity ratio (k = 2 cos 72 ) which bijectively maps Q 4BCD and Q 4CDE .
Let Q 0 2 Q 4ABC denote the xed open pentagon centered at S 0 . From Figure 4 , observe that Q 4ABC splits into Q 0 and three self-similar collections: Proof of Theorem 2. The key idea of the proof is to construct a suitable partition of R 2 for which we can draw a transition diagram indicating that all orbits must be eventually trapped in 4ABC. One such partition is shown in Figure 2 , and its transition diagram is shown in Figure 3 . The partition of the plane illustrated here is de ned as follows. Let P ij (i; j = 0; 1) denote the set of all points x 2 P i such that Tx 2 P j , that is P ij = P i \T ?1 i P j . Moreover, let P up 01 = P 01 \ T 0 P 0 , P down 01 = P 01 ? P up 01 , P up 10 = P 10 \ T 2 0 P 0 , and nally P down some n such that T n X 4ABC for every bounded set X 4ABC, which is the rst conclusion of Theorem 2. It turns out that there is an uncountable number of non-isomorphic systems with in nitely many periodic cells which are discs. Such systems are obtained by using the return-map techniques and by \suitably perturbing" the attracting system described in Example 1. However, details describing this construction are rather complex 2 . We do not know whether systems with in nite number of periodic cells are generic. 
